Abstract. We present an exact ab initio theory for describing the motion of interacting electrons through nanoscopic constrictions. Our theory is based on time-dependent density functional theory (TDDFT) and nonequilibrium Green functions. We consider the system electrode-device-electrode initially contacted and in equilibrium, therefore the scheme is thermodynamically consistent. Besides the steady-state responses one can also calculate physical dynamical responses. We show that the steady-state current results from a dephasing mechanism provided the electrodes are macroscopic and the device is finite. In the d.c. case, we obtain a Landauer-like formula when the effective potential of TDDFT is uniform deep inside the electrodes.
.
In this contribution to the proceedings of the conference "Progress in Nonequilibrium Green's Functions" we describe a theoretical framework for tackling quantum transport problems at an ab initio level [1, 2] . Recently, in a joint collaboration with the groups in Berlin and San Sebastian, we also have proposed a numerical scheme for the implementation of the theory. The method has been illustrated in one-dimensional model systems as a first step towards a full first-principles implementation [3] .
The renewed interest in a microscopic description of quantum transport problems can be attributed to the experimental progress in the fabrication/manipulation of nano-systems like quantum wires and dots. Techniques based on non-equilibrium Green functions [4, 5] provide a natural framework for obtaining the Landauer formula [6, 7] starting from a microscopic theory. The first attempt was made by Caroli et al. [8, 9] who state the following: "It is usually considered that a description of the system as a whole does not permit the calculation of the current". In their contacting approach the system is fictitiously partitioned in three sub-regions: a left and a right electrodes and a central scattering region. In the remote past the subregions are disconnected and the electrodes are in equilibrium at two different electrochemical potentials. In order to drive a current through the system the contacts between the subregions are adiabatically switched on, see Fig. 1 . Since the central region is a mesoscopic object, it is reasonable to assume that the contacts do not alter the thermal equilibrium of the macroscopically large left and right charge reservoirs and that a non-equilibrium steady state will eventually be reached. This heuristic reasoning can also be used to assume the developing of a steady-current in systems of non-interacting electrons.
About twenty years after the papers by Caroli and coworkers, the contacting approach was adopted by Meir and Wingreen [10] to obtain the steady-state current through an interacting central device. Shortly after, Wingreen et al. [11, 12, 13] generalized the Meir-Wingreen formula to time-dependent phenomena. Despite these important achievements, the contacting approach has several drawbacks. First, it is difficult to include the interactions between the leads and between the leads and the device. Second, there is an implicit assumption of "memory loss" since the steady current does not depend on the equilibrium distribution of the initially isolated central device. This fact rules out the possibility of describing those phenomena for which the initial correlations are not washed out in the long time limit. Therefore, the transient current is difficult to interpret. Third, it is not obvious that the current calculated in the contacting approach is the same as the current calculated in the partition-free approach which, we believe, is more akin to the way the experiments are carried out. The partition-free approach has been introduced by Cini [14] about a decade after the works by Caroli et al. Here the system is contacted and in thermodynamic equilibrium at a unique chemical potential before an external electric field is switched on along the longitudinal direction, see Fig. 2 . The equilibrium distribution of the central device is not arbitrary and transient phenomena have a direct physical interpretation. As we shall see, this approach is also well suited for dealing with effects of initial correlations on the steady-state current. Another advantage of the partition-free approach is that it can be combined with timedependent density functional theory (TDDFT) since the time-dependent perturbation is a local scalar potential linearly coupled to the particle density [15] . This combination is not possible in the contacting approach where the time-dependent perturbation is not local in space (a hopping Hamiltonian). A TDDFT formulation has the merit of providing a proper description of nonequilibrium systems since excitation energies are accessible via TDDFT [16] , as opposed to static DFT (the Kohn-Sham eigenvalues do not correspond to the excitation energies of the system). Furthermore, it allows for including the interactions in the electrodes and between the electrodes and the device in a very natural way.
The contacting and the partition free approaches differ in two main aspects. In the former the one-particle eigenstates of the unperturbed (and hence disconnected) system are strictly confined on the left electrode or on the right electrode or on the central scattering region. The system is perturbed by the contacts which are a small disturbance with respect to the system size. In the partition-free approach the one-particle eigenstates with an energy in the left and right continuous spectra are delocalized all over the electrode-junction-electrode system. Furthermore, the system is driven out of equilibrium by the switching on of an electric field along the longitudinal direction. The dynamical formation of dipole layers at the interfaces screens the potential-drop along the electrodes and the total potential turns out to be uniform in the left and right bulks. Accordingly, the potential-drop is entirely limited to the central region. This corresponds to an effective perturbation that shift the energy levels of two macroscopically large electrodes. Thus, it is not obvious that a steady-state develops in the long-time limit because the perturbation is not small and because of the absence of dissipative effects. Below, we will use the non-equilibrium Green functions technique to show that the current calculated in the contacting approach differs from the current calculated in the partition-free approach at any finite time. Of course, this comparison makes sense only for truly non-interacting electrons, since the contacting approach can not be combined with TDDFT. We also show that both the approaches lead to the same asymptotic (long-time limit) current provided the potential experienced by the electrons is spatially uniform deep inside the electrodes. For the fictitious KS system, we show that the current (calculated using the partition-free approach) tends to a steady-state value provided the effective potential of TDDFT is independent of time and space in the left and right bulks. Also, the physical mechanism leading to the dynamical formation of a steady state is clarified. The one-particle scheme of TDDFT corresponds to a fictitious Green function G(z; z ) which satisfies a one-particle equation of motion on the Keldysh contour of Fig. 3 
-i β
with Kubo-Martin-Schwinger (KMS) boundary conditions [17, 18] 
Here and in the following we use boldface to denote operators in one-particle Hilbert space. The variable z = t + τ is a complex variable running on γ with
. The potential v s (r, t) experienced by the electrons in the free-electron Hamiltonian H s (t) is called the KohnSham (KS) potential and it is given by the sum of the external potential, the Coulomb potential of the nuclei, the Hartree potential and the exchange-correlation potential v xc . The latter accounts for the complicated many-body effects and is obtained from an exchange-correlation action functional, v xc (r, t) = δA xc [n]/δn(r, t) (as pointed out in Ref. [19] , the causality and symmetry properties require that the action functional A xc [n] is defined on the Keldysh contour).
A xc is a functional of the density and of the initial density matrix. In our case, the initial density matrix is the thermal density matrix which, due to the extension of the HohenbergKohn theorem [20] to finite temperatures [21] , also is a functional of the density.
The fictitious G will not in general give correct one-particle properties. However by definition G < gives the correct density n(r, t) = −i r|G < (t; t)|r .
Also total currents are correctly given by TDDFT. If for instance I α is the total current from a particular region α we have
where the space integral extends over the region α (e is the electron charge). At this point, it is convenient to partition the system into three main regions: a central region C consisting of the junction and a few atomic layers of the left and right electrodes and two regions L, R which describe the left and right bulk electrodes. According to this partitioning, the KS Hamiltonian H s can be written as a 3 × 3 block matrix, and the equation of motion (1) reads
(5) Choosing z on the forward branch of the Keldysh contour and z on the backward branch of the same contour, we obtain an equation for the lesser Green function. This equation can be used in order to get rid of the time derivative in Eq. (4). We find for α = L, R
where
V αC is a one-particle operator in the central region C and Tr C denotes the trace over a complete set of one-particle states of C.
For the noninteracting system of TDDFT everything is known once we know how to propagate the one-electron orbitals in time and how they are populated before the system is perturbed. The time evolution is fully described by the retarded or advanced Green functions G R,A , and the initial population at zero time, i.e., by G < (0, 0) = if (H s (0)), where f is the Fermi distribution function [since H s (0) is a matrix, so is f (H s (0))]. Then, for any t, t > 0 we have [1, 14] 
and hence Q α (t) = G R (t, 0)G < (0, 0)G A (0, t) Cα V αC . In order to make evident the difference between the contacting and the partition-free approaches we now derive Eq. (7) using the Keldysh formalism. We introduce the uncontacted Green function g which obeys Eq. (1) with 
γ being the Keldysh contour of Fig. 3 . Using the Langreth theorem [22, 23] one finds
where we have used the short hand notation "·" to denote integrals along the real axis, going from 0 to ∞, and " " for integrals along the imaginary vertical track, going from 0 to −iβ.
For the sake of clarity we have also introduced the symbols " " and " ": any function with the superscript " " is intended to have a real first argument and an imaginary second argument; the opposite is specified by " ". In the above expression the term G R (t; 0)g < (0; 0)G A (0; t ) is exactly what one got in the contacting approach, where the system is disconnected in the remote past and hence the one-body hopping operator V vanishes along the vertical track. Using the relation G (t; τ ) = iG R (t; 0)G(0; τ ) it is straightforward to realize that Eq. (10) reduces to Eq. (7), as it should be. To summarize, we have found that
in the partition-free approach and
in the contacting approach. From Eqs. (11) (12) it is evident the the total current from the electrode α = L, R is different in the two approaches at any finite time t. Let us now focus on the long-time behavior. The Green function G projected in a subregion α = L, R or C can be described in terms of self-energies which account for the hopping in and out of the subregion in question. Considering the central region, the self-energy can be written as
Eqs. (9-13) allow to express Q α and q α in terms of the projected Green function onto the central region, G CC ≡ G, and Σ. After some tedious algebra one finds
and
In the above equations the superscript "M" in the Green functions denote the Matzubara Green function with two imaginary times [23] . The difference (Q α −q α ) → 0 for t → ∞ provided G and Σ tend to zero when the separation between their time arguments increases (in this case, it is only the first term on the r.h.s. of Eqs. (14-15) that does not vanish). This condition is not stringent and is fulfilled provided the electrode states form a continuum and the local density of states in the central region C is a smooth function. We conclude that for non-interacting electrons the asymptotic current is the same no matter what approach is used. We again remind the reader that the comparison between the two approaches is meaningless for interacting electrons since the TDDFT formulation can not be combined with the contacting approach and that in this case the partition-free approach is the only alternative.
Next we show that a steady state develops provided 1) the KS Hamiltonian H s (t) globally converges to an asymptotic KS Hamiltonian H ∞ s when t → ∞ and 2) the electrodes form a continuum of states (thermodynamic limit) and the local density of states is a smooth function in the central region.
Let us define the asymptotic KS Hamiltonian of electrode α as E ∞ αα = lim t→∞ E αα (t). The retarded/advanced component of the uncontacted Green function g behaves like
where S is a unitary operator and it is defined according to
T being the time-ordering operator. In terms of diagonalising one-body states |ψ ∞ mα of E ∞ αα with eigenvalues e ∞ mα , the lesser component of the embedding self-energy, defined in Eq. (13), can be written as
where we have taken into account that g < αα (0; 0) = if (E αα (0)). The left and right contraction with a nonsingular hopping matrix V causes a perfect destructive interference for states with |e ∞ mα − e ∞ m α | 1/(t + t ) and hence the restoration of translational invariance in time
In principle, there may be degeneracies which require a diagonalisation to be performed for states on the energy shell. The above dephasing mechanism is the key ingredient for the developing of a steady state. Substituting Eq. (18) into Eq. (14) we get the steady state current
with
together with
the steady-state current in Eq. (19) can be rewritten in a Landauer-like [6] form
In the above formula T mR = n T nL mR and T mL = n T nR mL are the TDDFT transmission coefficients expressed in terms of the quantities
Despite the formal analogy with the Landauer formula, Eq. (23) contains an important conceptual difference since f mα is not simply given by the Fermi distribution function. For example, if the induced change in effective potential varies widely in space deep inside the electrodes, the band structure of the α-electrode Hamiltonian SE αα (0)S † might differ from that of E ∞ αα . However, if deep inside the electrodes the system remains in local equilibrium, as we would expect for electrodes with a macroscopic cross section [24] , the change in effective potential must be uniform. Denoting with δv α (t) the difference in electrode α between the KS potential at time t and the KS potential at negative times, δv α (t) = v s (r ∈ α, t) − v s (r ∈ α, 0), to leading order in 1/N we then have
meaning that E ∞ αα = E αα (0) + 1 α δv ∞ α . Hence, except for corrections which are of lower order with respect to the system size, SE αα (0)S † = E αα (0) and
We emphasize that the steady-state current in Eq. (23) results from a pure dephasing mechanism in the fictitious noninteracting problem. The damping effects of scattering are described by A xc and v xc . Furthermore, the current depends only on the asymptotic value of the KS potential, v s (r, t → ∞). However, v s (r, t → ∞) might depend on the history of the external applied potential and the resulting steady-state current might be history dependent. In these cases the full time evolution can not be avoided. In the case of Time Dependent Local Density Approximation (TDLDA), the exchange-correlation potential v xc depends only locally on the instantaneous density and has no memory at all. If the density tends to a constant, so does the KS potential v s , which again implies that the density tends to a constant. Owing to the non-linearity of the problem there might still be more than one steady-state solution or none at all.
In conclusion, we have presented a first principles theory of quantum transport which is more akin to the way the experiments are carried out. Among the advantages we stress the possibility to include the interactions between the leads and between the leads and the device in a very natural way. Our TDDFT formulation allows us to calculate dynamical current responses and also physical (i.e., measurable) transient effects. We have shown that the steady state develops due to a dephasing mechanism without any reference to many-body damping and interactions. The damping mechanism (due to the electron-electron scatterings) of the real problem is described by v xc . The steady-state current depends on the history only through the asymptotic shape of the effective TDDFT potential. Here, we also would like to point out that, due to the non-linearity of the problem, static DFT calculations may lead to more than one steady-state solution. In such cases one has to resort to a fully time-dependent formalism, as the one described in this contribution, in order to select the correct steady-state solution.
